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Abstract—In recent years, tracking vehicle with overlapping 
and maneuvering disturbances has become a challenging task in 
visual tracking. Markov Chain Monte Carlo (MCMC) is proved 
to be effective in tracking vehicle under disturbances by 
probabilistically estimating the vehicle position. However the 
sampling based tracking algorithm is highly depending on the 
sampling efficiencies where adequate chain length is necessary to 
sustain the tracking accuracy. Therefore variance ratio (VR) 
based MCMC has been implemented in this study to adapt the 
chain length according to the disturbances encountered. Isomap 
manifold learning is further implemented to update the vehicle 
model and accurately track the vehicle with maneuvering 
disturbances. Multiple vehicle models with different viewing 
angles are represented by Isomap under low dimensional 
manifold.  The suitable vehicle model will be selected according 
to the estimated vehicle position. Experimental results have 
shown that Isomap-VR-MCMC have better tracking 
performances compared to VR-MCMC with smaller RMSE 
value.  

Keywords—Markov Chain Monte Carlo (MCMC), Isometric 
Feature Mapping (Isomap), variance ratio (VR). 

I. INTRODUCTION  
The strong growth rate of the vehicle usage in urban area 

over the recent years has emerged traffic surveillance to an 
important feature in traffic flow monitoring. Various sensors 
has been developed for traffic surveillance purposes and among 
all, video sensors has shown great capability in obtain wide 
range of vehicle information. The sensors is able of obtaining 
various types of vehicle parameters such as vehicle speed, 
vehicle count and determine the traffic irregularities such as 
vehicle accidents and slow traffic flows [1]. Since the video 
sensors track the vehicle based on the observable vehicle 
outlook, it faces limitations when the target vehicle is 
undergoing overlapping and maneuvering disturbances. The 
vehicle observable information will be lost during the 
overlapping situation and maneuvering vehicle will gives 
varying vehicle outlook which increases the tracking 
difficulties [2].  

Various researches have been carried out to tracked vehicle 
undergoing overlapping disturbances. MCMC has been widely 
implemented to track vehicle undergoes overlapping 

disturbances as it is capable of estimating the vehicle position 
by probabilistic sampling [3]. The sampling based tracking 
algorithm has been implemented to track overlapping vehicle 
during the vehicle is on side and front view particularly during 
heavy traffic jams occurred [4, 5]. The implementation result 
has shown great detection and tracking accuracy using pre-
determined vehicle model. However the tracking algorithm 
will have tracking limitations if the vehicle is undergoing 
maneuvering disturbances where the vehicle outlook is 
varying. The implemented fixed vehicle model has only single 
view angle which only enable the algorithm to track target 
vehicle at limited angle. Thus manifold learning has been 
implemented to update the vehicle model according to the 
estimated vehicle position to assist the tracking algorithm in 
handling the maneuvering disturbances.  

  Manifold learning has been implemented in visual 
tracking to enable the tracking to be performed on objects with 
deformable outlook where the appearances of the object are 
varying as time changes. Research [6] has proposed a new 
concept of identity and view manifold to recognize 
maneuvering vehicle. The developed method is capable of 
interpolate the appearance of an unknown target based on the 
training sets learned by capturing inter-class and intra-class of 
the target vehicle appearances. Hence it is able of automatically 
update the vehicle model by interpolate the latest vehicle shape 
with the manifold representation which is suitable to be 
implemented for maneuvering vehicle tracking.  

The manifold learning representation is further 
implemented as efficient model update to track target vehicle 
in real time [7]. The implementation model the variation of 
vehicle appearances by representing multiple vehicle feature 
vector under the low dimension manifold. Suitable vehicle 
model will be selected according to the computed vehicle 
feature vector which enabled the target vehicle experiencing 
pose variation and overlapping disturbances to be tracked 
accurately. On the other hand, Isomap manifold representation 
has been implemented to learn the pose variation of target 
object that experiencing random movement. The algorithm 
obtains the manifold representation by applying 
multidimensional scaling computations on the geodesic 
distances of the vehicle parameters [8]. The implementations 
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has enable better manifold representations on the training data 
thus yielding better tracking accuracy compared to the 
conventional principal component analysis (PCA) training 
algorithm. Hence the Isomap is suitable to be implemented for 
the tracking of maneuvering vehicle where multiple vehicle 
models are needed to be trained and represented effectively.  

In this paper, MCMC will be implemented to track the 
target vehicle undergoes both overlapping and maneuvering 
disturbances. The Isomap manifold representation will be 
implemented to learn vehicle model with multiple view angle 
to aid MCMC in tracking maneuvering vehicle. Since the 
performance of MCMC is depending on the sampling 
efficiency, VR convergence diagnostic algorithm is 
implemented to adapt the chain length of the MCMC according 
to the disturbances encountered. The performance of Isomap-
VR-MCMC tracking algorithm will be compared with the VR-
MCMC without manifold representations. The proposed 
tracking algorithm is expected to have better tracking accuracy 
with lower RMSE value.  

II. MCMC TRACKING ALGORITHM 
MCMC is widely implemented to solve high dimensional 

distribution based on probabilistic sampling. To build a single 
sequence of Markov Chain, vehicle position samples θ  will be 
proposed based on the proposal distribution as shown in (1). 
The position samples consist of the target vehicle centroid 
coordinate },{ yx  which is the x-axis and y-axis pixel 
coordinate of the image frames.  

                    

2

21*

2

)(

2
1*

2
1)|( q

i
t

eQ
q

i
t

σ
θθ

πσ
θθ

−−
−

− =                (1)

    

 

The proposal distribution is a Gaussian distribution which 
prevents the algorithm from proposing position samples that 
are out of the target range. *θ   is the new proposed position 
sample and 1−i

tθ  is the previous accepted sample. Therefore it 
is notable that the proposed position will be within the range of 
variance qσ  using the previous accepted position sample as 
the mean value. This also indicates that each new position 
sample is estimated according to the latest accepted sample and 
overlooks the samples accepted earlier. Prior probability will 
then be implemented to compute the probability of acceptance 
of the current estimated position sample to the vehicle position 
computed at the previous vehicle frames. The prior probability 
computation is shown in (2).  
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Similar to the proposal distribution, the prior probability is 
a Gaussian distribution as well. The balance characteristic of 

the normal distribution has enabled the algorithm to compute 
the acceptance probability of vehicle position that may move in 
both forward and backward directions. From (2), 1−tθ is the 
vehicle position at the previous tracking frame. Hence the 
range of acceptance of the proposed vehicle position will be 
within the range of variance pσ with 1−tθ as the mean of 
distributions. To ensure the proposed position sample is near to 
the target vehicle position, observation likelihood is computed 
as shown in (3), (4) and (5). 
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The observation likelihood in (5) is the fusion of the edge 
distance likelihood in (3) and color likelihood in (4). The edge 
distance likelihood is computed using the edge distance 
transform. The distance transform is defined on a binary image 
where the distance of each pixel to the nearest edge pixel is 
computed. Hence the edge pixel will have the distance value of 
zero and the distance values will gradually increases as the 
neighboring pixel is distance away from the vehicle edge. 
When the proposed position sample is closed to the target 
vehicle, the edge distance d will be smaller and hence giving 
larger edge distance likelihood )|( θπ E . Inversely, if the 
proposed position is not near to the target vehicle, the edge 
distance will be large and hence reduces the likelihood value.  

For color likelihood computation, HSV color space has 
been selected due to its capability in manipulating the color 
illuminations [9]. The color likelihood is determined by 
computing the similarity of the color histogram of vehicle 
model to the color histogram of the target vehicle appearance at 
the proposed vehicle position. Similarity between the color 
histogram is determined by using the Bhattacharyya distance 
B where similar histogram will give small distance value. 
Smaller distance value will give larger color likelihood value 
of )|( θπ C  whereas larger distance value indicates that the 
proposed position is unlikely to the vehicle model.  

The weight constant β  and γ  in (5) is implemented to 
calibrate the computation priority of the observation likelihood. 
Setting β  with larger value will enable the MCMC to track 
the target vehicle more prior to the color changes and larger 
γ weight will ensure that the target vehicle is tracked with 
priority on the edge likelihood. The proposed position sample 
is then computed by the Metropolis-Hasting algorithm in (6) to 
determine the sample acceptance rate into the MCMC.  
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 The Metropolis-Hasting algorithm determines the 
acceptance rate of the proposed position sample based on the 
prior probability, proposal distribution and the observation 
likelihood. If the proposed position sample has achieved the 
acceptance ratio, the sample will be accepted in to the MCMC. 
Inversely if the sample does not reach to the ratio, the proposed 
sample will be rejected and the previous accepted position 
sample will be replicated as the new accepted sample into the 
MCMC. Samples that has been accepted will form a MCMC 
samples set of { }nθθθθ ,...,,, 321 . Hence MCMC with 
longer chain length will have larger number of samples and 
short chain length MCMC will have lesser samples in the 
chain. The final vehicle position is the computed by using the 
Monte Carlo integration in (7). 

                                
( )∑

=

=
n

i

i

n
E

1

1)( θθ                          (7) 

The performance of MCMC is highly dependent on the 
sampling efficiency. Chain length that are too small may cause 
the sample sets are premature for evaluation whereas chain 
length that are too long may lead to high computational cost 
which is not desirable. Therefore VR convergence diagnostic 
algorithm is implemented to determine the steady state of the 
MCMC samples where suitable chain length will be computed 
to accurately track the target vehicle. 

III. VR-MCMC TRACKING ALGORITHM 
VR-MCMC tracking algorithm is developed where VR 

convergence diagnostic algorithm will be implemented in to 
MCMC to adapt the chain length according to the disturbances 
occurred. Since the VR determine the convergence rate based 
on multiple chain of MCMC, two sequences of MCMC will be 
implemented in for the convergence diagnostic process. Both 
MCMC sequences will be initialized at different starting point 
to enable better exploration rate. The MCMC is determined as 
converged by computing the ratio between the variance within 
a MCMC sequence and variance between the MCMC 
sequences [10]. The variances computations are defined in (8) 
and (9) as shown below.  
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The computation in (8) is to determine the variance 
between the MCMC sequences and (9) is to compute the 

variance between MCMC sequences. The variable jθ  is the 
mean value of a single sequence MCMC and the mean value 
between the MCMC sequences is defined as .θ  Variable n is 
the number of accepted samples in the MCMC sequence and 
m is amount of MCMC sequences that has been executed. The 
MCMC is diagnosed as converged when the estimator R  is 
approximate to 1 as shown in (10). 
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The estimator in (10) is the ratio value between both the 
variances computed in (8) and (9). Variable D  is a constant 
that calibrates the inherent approximation for the variance 
ratio. Thus, if the proposed position samples are accurate and 
continuously accepted into the MCMC, the MCMC samples 
will be clustered together and near to each other. Consequently, 
the variance within and between MCMC sequences will be 
small and the MCMC are determine as strongly mixed and 
converging to the desired distribution. However if the proposed 
sample positions are inaccurate, the MCMC samples will 
experience slow mixing rate with large variances between the 
samples. As a result, more samples are needed to be generated 
to achieve the convergence and hence longer chain will be 
acquired for vehicle position evaluation. The developed VR-
MCMC tracking algorithm is illustrated in TABLE I below. 

TABLE I.  VR-MCMC TRACKING ALGORITHM. 

VR-MCMC Tracking Algorithm 
  1:   for frame t  = 1 to end 
  2:  Initialize two sample 1θ  at time t  for two   sequence of 

MCMC 
  3:   Loop 1 
  4:      Loop 2 (for two MCMC) 
  5:      Proposed two new states *θ  with proposal distribution     
  6:      Compute prior probability  
  7:      Compute observation likelihood. 
8:      Compute Metropolis-Hasitng acceptance ratio, α  

  9:      Generate random value )1,0(randU =   
10:       if  α≤U   , add *θθ =i

t  

11:       else add 1−= i
t

i
t θθ                  .  

12:       end if 
13:       end Loop 2             
14:        Compute nB / , W and R       

15:         if  1≈R  , go to end Loop 1              
16: else  go to Loop 2 
17: end if 
18:    end Loop 1 
19:   Compute vehicle position with Mont Carlo integration 
20:  end for  
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IV. ISOMETRIC FEATURE MAPPING 
Isomap represented the higher dimensional data by using 

multidimensional scaling (MDS) where the geodesic distance 
space of the vehicle parameters will be computed to obtain the 
manifold representations. Geodesic distance is the shortest path 
on the curve surface of the manifold data. It is determined 
based on the approximation of short steps between the 
neighboring data points where the number of neighboring data 
is selected depends on the type of data that need to be 
represented. Small neighbor number will correlate less data 
point together while large neighbor value is capable of 
correlate more data point and provides a more complicated 
manifold representation.  

To build to Isomap vehicle model representation, K number 
of nearest neighbors will be set to connect the data point 
according to the computed pair wise distances. The 
implemented intrinsic data point is the possible coordinate 
position of the vehicle model. The geodesic pair wise distances 
of all pairs of data point is obtained by determining the 
Euclidean distance xd  of all pairs of data points. Shortest 

distance path gd  between the neighboring data is then 
determined by preserve the computed Euclidean distance and 
the remaining distances is filled up by using Floyd’s algorithm 
as defined in (11). 

{ }),(),(),,(min),( jkdkidjidjid gggg +=         (11) 

The computed shortest distance path in (11) will form a 
matrix of shortest path GD that represents the relations of all 
pairs of neighboring data points. The shortest path matrix will 
then be implemented into the MDS algorithm to obtain the 
represented data in the low dimension manifold. The similarity 
matrix s  is first computed as shown in (12) and then inner 
product matrix and centering matrix is then determined as 
defined in (13) and (14).  
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From (12), it can be seen hat the similarity matrix is the 
squared value of the distance matrix. The inner product matrix 
in (13) is determined based on the centering matrix in (14) 
where I is the identity matrix and N  is the length of the 
matrix. Eigenvalue and eigenvector of the obtained inner 
product matrix is then computed and the obtained eigenvalue 
will be in the form of diagonal matrix of 

( )ndiag λλλλλ ,...,,, 321= . The final dimensional 
representation is obtained as shown in (15). 

                             
i
pp vM ⋅= λ                                (15) 

  The variable i
pv  in (15) is the eigenvectors where i  is the 

i -th eigenvector component to the p -th eigenvalue. The 
eigenvalue with the highest dimensional value will be selected 
to recover the new low dimensional representation. In this 
implementation, the recovery dimension is two as the vehicle 
motion is changing in two dimensions. Hence eigenvalue with 
the largest two values will be computed to acquire the manifold 
representations. Thus the high dimensional vehicle model 
coordinate point with K nearest neighbours has been preserved 
by forming new coordinate manifold representations M . 

V. ISOMAP VEHICLE MODEL 
Multiple vehicle models are represented under manifold 

dimension by using the Isomap algorithm. The implemented 
vehicle models are at left turning maneuver where the vehicle 
model will be changing from side view to rear view. An overall 
of twenty three vehicle models have been selected as the 
training data and part of the vehicle model are illustrated in 
Fig. 1 below. 

The number of nearest neighbor is set to three which enable 
three neighboring vehicle models with the closest coordinate to 
be correlated to each other. The Euclidean distance matrix of 
the coordinate of each vehicle model is computed and 
implemented in to the Isomap computations. The residual 
variance is then computed to determine the dimension that has 
been recovered by the Isomap. It is determine by calculating 
the correlation coefficient of the similarity matrix as shown in 
(16) and the computed values are plotted in Fig. 2.  

                                  dd CR −= 1                               (16) 

In Fig. 2, it is observable that the residual variance value 
stops decreasing at the value of 2 which shows that two 
dimension of coordinate manifold has been recovered. This 
indicated that the computed manifold representation has been 
accurate since the vehicle models are changing in two 
dimensions. The new coordinate representation of the vehicle 
model is plotted in Fig. 3.  

 
 

             

                      

Fig. 1. Maneuvering vehicle models 
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Fig. 2. Residual variance of Isomap  

 
Fig. 3. Isomap representation of the vehicle model 

In Fig. 3, it is observable that the plotted data points are the 
newly represented vehicle model coordinates. Each data points 
are correlate to the three nearest neighboring points since the 
nearest neighbor value is set to three. The plotted points with 
negative y-coordinates represents the vehicle model that 
moving in straight directions and the points with positive y-
coordinate represents the vehicle model in maneuvering 
situation. The distance of the proposed position sample to each 
coordinate point will be calculated and the coordinate with the 
smallest distance value will be determined. Vehicle model that 
corresponds to the coordinate will be selected as the reference 
model to compute the observation likelihood of the MCMC. 
Hence the vehicle model will be updated according to the 
estimated position samples which enhance the capability of the 
MCMC to track the vehicle under disturbances more 
accurately. 

VI. RESULTS AND DISCUSSIONS 
The Isomap vehicle model is preprocessed and the obtained 

manifold representation is implemented into the VR-MCMC 
tracking algorithm to update the vehicle model according to the 
proposed position sample. The developed Isomap-VR-MCMC 
tracking algorithm is implemented to track a target vehicle that 
undergoes both overlapping and maneuvering disturbances at 
the same time. VR-MCMC tracking algorithm without using 
Isomap vehicle model is also implemented to track the vehicle 
under the same disturbances where only one vehicle model 

with side view is used for the observation likelihood 
computations. The performance of the Isomap-VR-MCMC is 
shown in Fig. 4.  

It is observable in Fig. 4 that the Isomap-VR-MCMC is 
capable to keep track on the target vehicle especially when the 
vehicle is undergoes maneuvering situations. At frame 4, the 
target vehicle is clear from disturbances and is tracked 
accurately. The target vehicle is overlapped by another vehicle 
on the front at frame 7 and frame 8. It can be seen that in frame 
8, the target vehicle is undergoing slight maneuvering motion 
turning into the side lane. This has cause to the changes of 
vehicle appearance which will affect the accuracy of the 
observation likelihood computations in MCMC. However the 
target vehicle is still keep tracked accurately. This is due to the 
vehicle model has been updated from the represented manifold 
according to the proposed position which provides more 
accurate computations on the observation likelihood.  

The target vehicle is finished overlapped at frame 11 but 
another approaching vehicle begins to overlap in front at frame 
12, 13 and 14 for the second time. The disturbance in these 
frames are more serious compared to the previous overlapping 
disturbance as the vehicle has change from side view to rear 
view. The changes of the vehicle outlook have increases the 
tracking difficulties and cause the algorithm to experience 
slight tracking error which can be seen in frame 12 and 13. 
However the developed algorithm is still capable to keep track 
on the target vehicle with better RMSE value compared to the 
VR-MCMC which did not update the vehicle model 
accordingly. The comparison of RMSE between Isomap-VR-
MCMC and VR-MCMC is shown in Fig. 6 and the adapted 
chain length is shown in Fig. 7 respectively.  

  
Fig. 4. Tracking performances of Isomap-VR-MCMC 

Frame 4 Frame 7 

Frame 8 Frame 11 

Frame 12 Frame 13 

Frame 15 Frame 16 
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Fig. 5. RMSE of VR-MCMC and Isomap-VR-MCMC  

 
Fig. 6. Chain length of VR-MCMC and Isomap-VR-MCMC 

In Fig. 5, it can be seen that the Isomap-VR-MCMC has 
lower RMSE compared to the VR-MCMC tracking algorithm. 
The RMSE value that is over 25 indicates that the target 
vehicle is lost tracked. Thus it is observable that the VR-
MCMC has lost track on the target vehicle from frame 10 to 17 
where the target vehicle is undergoes heavy outlook changes. 
This is due to the implemented single vehicle model with side 
view is not suitable to be used to compare to the target vehicle 
that has changed to rear view during the maneuvering process. 
However the VR-MCMC still capable to keep track on the 
target vehicle between frame 1 to 9 where the vehicle is still 
moving in straight line and the single vehicle model is suffice 
for the observation likelihood computation.  

For Isomap-VR-MCMC, the algorithm has successfully 
tracked the target vehicle with low RMSE value between frame 
1 to 9. The RMSE value has gradually increased between 
frame 10 to 15 where the target has been fully overlapped 
which loses the observable vehicle information. This has 
reduces the accuracy of the observation likelihood computation 
and hence affected the accuracy of MCMC samples. However, 
the RMSE values are still within the range of 25 which shows 
that the algorithm still capable to keep track on the target 
vehicle. When the target vehicle has finished overlapped in 
frame 15 and 16, the position sample at the nearby region is 
proposed and the vehicle model with rear view are selected 
from the Isomap manifold which enable the algorithm to track 
the target vehicle accurately. Since both the algorithms have 
track the target vehicle with adaptable chain length, Fig. 6 has 
shown that both algorithms have generated similar chain length 
to track the target vehicle. Longer chain length has been 
generated during the disturbance occurred and smaller chain 

length is generated when the samples are accurate and clear 
from disturbances. Thus, with the similar chain length, Isomap-
VR-MCMC has shown better tracking performances compared 
to the VR-MCMC with lower RMSE value.   

VII. CONCLUSIONS 
The developed Isomap-VR-MCMC has been implemented 

to track the vehicle undergoes both overlapping and 
maneuvering disturbances. The implementation results have 
shown that Isomap-VR-MCMC has accurately tracked 
maneuvering vehicle that changes from side to rear view. 
Suitable vehicle model has been selected according to the 
proposed position sample which enables more accurate 
observation likelihood computations. Thus, the implementation 
of Isomap vehicle model into VR-MCMC has successfully 
improved the tracking robustness by accurately track 
maneuvering vehicle with lower RMSE value.  
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